In this study, two new functionals are derived based on Gâteaux differential in order to analyse buckling of symmetric cross-ply laminated composite straight beams. The functional comprises four independent variables, i.e. deflection, rotation, shear force and bending moment for Timoshenko beam, and two independent variables, deflection and bending moment, for Euler-Bernoulli beam. The application possibilities and performance of the proposed mixed finite element formulation are presented on several numerical examples.
Introduction
Composite materials are extensively used in different branches of engineering because of their high strength/weight and stiffness/weight ratios. Mechanical behaviour of composite materials has been of interest to many researchers [1] [2] [3] . The issue of understanding buckling behaviour of laminated structural components has been gaining considerable attention in recent times. Buckling analysis of symmetric cross-ply laminated composite beams is conducted in this paper. Many calculation models can be found in literature for buckling analysis of laminated composite beams. Analytical or numerical methods have been employed to find appropriate solutions. The most frequently applied numerical methods are Rayleigh-Ritz and finite element methods. By using different higher-order shear beam theories, the buckling and vibration analysis of cross-ply and angle-ply laminated composite beams is conducted in [4] for various boundary conditions employing the Ritz method. Adopting the dynamic stiffness method, the free vibration and buckling behaviour of axially loaded laminated composite beams with arbitrary lay-up is studied in [5] [6] [7] . Based on the two dimensional theory, the free vibration and buckling analysis of composite beams with interlayer slip in line is analysed in [8] . An exact solution for the post-buckling and free vibrations of a symmetrically laminated composite beam with different boundary conditions is presented in [9] . Analytical solutions for the free vibration and buckling of cross-ply composite beams with arbitrary boundary conditions are developed in [10] and [11] in conjunction with the state space approach. Based on a higher order shear deformation theory that assumes nonlinear variation of displacement field, a single layer beam finite element model is proposed in [12] for studying the buckling behaviour of anisotropic sandwich beams. Analytical solutions for static, dynamic and buckling analysis of composite beams are presented in [13] based on the Timoshenko beam theory. A buckling analysis of simply supported composite laminated beams is presented in [14] based on the modified couple stress theory by applying the minimum potential energy principle, and taking into account Euler-Bernoulli and Timoshenko beam theories. By using the method of power series expansion of displacement components, natural frequencies and buckling stresses of simply supported laminated composite beams are evaluated in [15] based on the higher order beam theory. Analytical solutions for the free vibration and buckling behaviour of laminated composite and sandwich beams are developed in [16] . Using the refined shear deformation theory, the vibration and buckling analysis of cross-ply composite beams is presented in [17] by means of a displacement based finite element method. The buckling behaviour of the laminated composite beam and flat panels is analysed in [18] using the 1D finite element formulation within the framework of the Carrera Unified Formulation. Based on the shear deformation theory, the vibration and buckling behaviour of composite beams with arbitrary lay-ups is studied in [19] using a displacement based finite element method. A buckling analysis of two-layer composite beams is performed in [20] by means of the displacement based finite element method using the Reddy's higher order beam theory. A considerable research has been conducted on the buckling of laminated composite beams. However, to the best of the authors' knowledge, the buckling analysis of laminated composite beams using the mixed finite element (MFE) method has not as yet been reported. The application of an efficient and simple method to the buckling analysis of symmetric cross-ply laminated composite straight beams will be presented in this study. In this research based on the Euler-Bernoulli beam theory and Timoshenko beam theory, two new functionals are constructed using a systematic procedure based on the Gâteaux differential, as a means to analyse the buckling problem of symmetric crossply laminated straight beams. Some advantages of the Gâteaux differential approach, first used in [21] to obtain a functional, can be presented as follows: -All field equations can systematically be enforced to the functional -Boundary conditions of the problem can easily be obtained -Field equations can be checked out with potential test -Developed mixed element completely eliminates the shear locking phenomenon.
Based on the Gâteaux Differential, free vibration of laminated composite curved beams is studied in [22] . In addition, the free vibration analysis of cross-ply and angle-ply laminated composite beams is conducted in [23, 24] . Furthermore, this powerful method has recently been applied in [25] for the analysis of cross-ply laminated composite thick plates. New mixed type finite elements are formulated in this study. A Timoshenko beam finite element has two nodes and four degrees of freedom per node, while an EulerBernoulli beam finite element has two nodes and two degrees of freedom per node. A finite element analysis program has been developed, and the buckling analysis of symmetric cross-ply laminated composite beams with different boundary conditions, lamination variables such as ply orientations and stacking sequences, geometrical and material properties, is performed using the proposed finite element program. The validity of the presented MFE formulation is proven by comparing the results with literature information. Numerical comparison shows that the results of this research agree well with research results presented in relevant literature.
Field Equations and functional
A symmetric laminated composite straight beam in a Cartesian coordinate system, denoted by xyz as shown in Figure 1 , is considered for a length L, thickness h, and width b. Consider a uniformly loaded bar, with positive directions of internal forces as shown in Figure 2 , where q z is the uniformly distributed axial load, N is the axial force, H is the horizontal force, and M is the bending moment. Based on the Euler-Bernoulli beam theory assumption, the moment equilibrium equation about the upper end of the bar, when q z is set to zero, can be obtained as follows,
and the bending moment becomes:
where v is the displacement along the y-axis and D x is the bending rigidity of the beam, expressed as follows:
By considering the Timoshenko beam theory, field equations can be given in the following form:
where T is the conservative shear force, W is the cross-sectional rotation about x-axis and C y is the shear rigidity of the beam given by:
In Eqs. (3) and (8), k represents the number of plies, I is the moment of inertia and A is the deformed cross sectional area. The element of the transformed reduced stiffness matrix , for a ply in its material coordinate system, is obtained as follows: (9) where θ is the angle between the global axis and the local axis of each layer, and the value of the angle θ is either 0 0 or 90 0 for cross-ply laminate. C ij is the ply stiffness and it is given in terms of engineering constant of the k th ply as:
(12)
where E i is the Young's modulus in the i th material direction, G ij is the shear modulus of the i-j plane, and u ij is the Poisson ratio. Dynamic boundary conditions are given by Eq. (14), and geometric boundary conditions are given by Eq. (15): (14) (15) GRAĐEVINAR 69 (2017) 9, 841-850
In Eqs. (14) and (15), the quantities with hat are given at the boundary points, while quantities without hat are unknowns. After the field equations are written in operator form as Q = Lu -f, where L represents the coefficient matrix, u represents unknown vectors (u = {v, M} for Euler-Bernoulli beams, and u = {v, W, T, M} for Timoshenko beams), and f represents the load vector. A necessary and sufficient condition for making the operator Q a potential is given by [26] . After the potentiality requirement is satisfied, the functional corresponds to the field equations and can be expressed as: (16) Here, s is a scalar quantity and the parentheses <,> indicate the inner product. Considering the field equations of the laminated composite straight Euler-Bernoulli beam with boundary conditions, the matrix form of the Eq. (16) can be given by:
After Eq. (16) is implemented, the following expression is derived After integration and simplification, the explicit form of the functional corresponding to the field equations of the laminated composite straight Euler-Bernoulli beam is obtained as: (17) where [,] is the inner product defined as . The parentheses with subscripts ε and s indicate the geometric and the dynamic boundary conditions, respectively. The prime symbol (') is used to represent the first derivative. The same mathematical procedure (i.e., applied for the functional of Euler-Bernoulli beam) is repeated for derivation of the functional corresponding to the laminated composite straight Timoshenko beams. For the sake of simplicity, the mathematical details for generating the functional of Timoshenko beams are not given here, but the interested reader is referred to [27] . The explicit expression of the functional of the laminated composite straight Timoshenko beams can be obtained in a similar manner as follows: (18) 
Finite element formulation
If a one dimensional element with a parent shape function is used as follows: (19) where the adopted notation is illustrated in Figure 3 , and L e represents the length of an element (L e = z j -z i ), then all unknown variables of the functional given by Eq. (17) for Euler-Bernoulli beams are expressed in terms of interpolation functions as follows: After the functional is extremized with respect to the nodal variables, the following element matrix is derived explicitly as given by Eq. (22):
An alternative method for analysing buckling of laminated composite beams
All unknown variables of the functional given by Eq. (18) for Timoshenko beams are expressed by shape functions as follows:
When the functional is extremized with respect to nodal variables, the element matrix of Timoshenko beams is obtained as: (27) 
Buckling analysis
An alternate form of buckling analysis problem can be given by: 
where P cr is defined as the critical buckling load and [K*] is defined as the reduced system matrix of the problem.
The eigenvalues, P cr , for which the determinant of coefficient matrix from Eq. (29) is zero, lead to the critical buckling loads. Different numerical examples are employed in order to test performance of the proposed method. First three modes of buckling loads (Newton "N"), P cr1 , P cr2 and P cr3 are compared with those available in the literature [9] as shown in Tables  1-3 , using different boundary conditions. It can be seen from Tables 1-3 that the results of this study agree well with literature information, and so the methodology presented in this study is considered to be reliable. Comparing Tables  1-3 , the beam with two ends hinged exhibits minimum An alternative method for analysing buckling of laminated composite beams Different materials are considered in Table 7 to study the effect of material properties on critical buckling load of the first three mode of composite laminated beams. Table 8 . Table 7 . Material properties the first three mode are compared with those available in the literature [2] . The dimensionless equation of critical buckling load is:
Numerical examples
Tables 4 to 6 present dimensionless critical buckling loads for hinged-hinged (H-H), clamped-clamped (C-C) and clamped-free (C-F) boundary conditions. Six lamination types are presented. As seen in the tables, the present model yielded results that in good agreement with the results given in [2] . Table 5 . Dimensionless critical buckling load (P cr ) of symmetric laminated beam with C-C It can be seen in Table 8 This example is considered to test the method proposed in this research for Timoshenko beam. Dimensionless critical buckling loads of the symmetric cross-ply laminated beam with different boundary conditions are compared with those available in the literature. The comparison of results is given in Table 9 . It can be seen from Table 9 that the results of this study agree well with literature information, and so the methodology presented in this study is considered reliable. The beam with one end clamped and another end free exhibits the minimum critical buckling load as compared to the boundary conditions C-C and H-H. Dimensionless critical buckling loads of the cross-ply laminated beam with different boundary conditions are compared to [11] as presented in Table 10 . It can be seen in Table 10 that the results obtained in this study show good agreement with literature. In addition, the critical buckling load of the laminated beam increases with an increase in the length-to-thickness ratio as expected. Furthermore, the beam with C-F exhibits the minimum critical buckling load whereas the beam with C-C exhibits the maximum critical buckling load. -The MFE formulation is developed in this study for analysing buckling of symmetric cross-ply laminated composite straight Euler-Bernoulli and Timoshenko beams, utilizing new functionals through a systematic procedure based on the Gâteaux differential.
-The Gâteaux differential approach is reliable and very simple to implement, and its results are reasonably accurate for engineering purposes (i.e. this approach is capable of predicting displacements and internal forces directly without requiring mathematical operations). The same approach can be applied for the buckling and vibration analysis of cross-ply and/or angle-ply laminated composite beams by considering higher-order shear deformation theories. Some of these problems are currently under study in accordance with the methodology presented in the paper.
